
Dr. Marques Sophie Number theory Fall Semester 2013
Office 519 marques@cims.nyu.edu

Problem Set #3

Due monday october 7th in Class

Exercise 1: (??) 4 points
Find a solution of the congruence 5x3 ≡ 93 mod 231. (Hint: Use CRT.)
Solution:
First, note that 231 = 3 · 7 · 11. By CRT, we need to consider:

5x3 ≡ 93 ≡ 0 mod 3

5x3 ≡ 93 ≡ 2 mod 7

5x3 ≡ 93 ≡ 5 mod 11

However,

5x3 ≡ 0 mod 3 ⇐⇒ x ≡ 0 mod 3

5x3 ≡ 2 mod 7 ⇐⇒ x3 ≡ 6 mod 7 ⇐⇒ x ≡ 3, 5, or 6 mod 7

5x3 ≡ 5 mod 11 ⇐⇒ x3 ≡ 1 mod 11 ⇐⇒ x ≡ 1 mod 11

Thus, it follows from CRT that

5x3 ≡ 93 mod 231 ⇐⇒ x ≡ 12, 45, or 111 mod 231

Exercise 2: (?) 4 points
Find all simultaneous solutions to the systems:

1. {
x ≡ 7 mod 20
x ≡ 2 mod 3

2. 
x ≡ 3 mod 7
x ≡ 2 mod 8
x ≡ 1 mod 5

Solution:

1. The CRT tell us there is a unique solution mod 60, because 20 and 3 are coprime.
x ≡ 7 mod 20 implies x = 7, 27, 47 mod 60, and of these three numbers, only
47 ≡ 2 mod 3, so x ≡ 47 mod 60 is the only solution to the original system.
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2. First, there is one simultaneous solution to x ≡ 3 mod7 and x ≡ 2mod 8 mod
56, by the CRT, and inspection shows that it is x ≡ 10 mod 56. Next, the system
x ≡ 10 mod 56 and x ≡ 1 mod 5 has exactly one solution mod 56.5 = 280, again
by the CRT, and inspection shows that it is x ≡ 66 mod 280. So this is the only
solution to the original system.

Exercise 3: (?) 4 points
Find all simultaneous solutions to the systems:

1. {
x2 + 3x+ 1 ≡ 0 mod 5
3x ≡ 2 mod 7

2. 
x2 ≡ 1 mod 8
5x ≡ 15 mod 20
5x ≡ 1 mod 6

Solution:

1. The equation x2 + 3x+ 1 ≡ 0 mod 5 has solution x ≡ 1 mod 5 as trial and errors
shows, while 3x ≡ 2 mod 7 has a unique solution x ≡ 3 mod 7. The CRT tells
us there is a unique solution to the original system mod 35, and one finds that
x ≡ 31 mod 35 is that solution.

2. The congruence 5x ≡ 15 mod 20 is equivalent to x ≡ 3 mod 4. The congruence
5x ≡ 1 mod 6 is equivalent to x ≡ 5 mod 6. Finally, the congruence x2 ≡ 1 mod 8
has solutions x = 1, 3, 5, 7 mod 8.
Notice that if x ≡ 1, 5 mod 8, then x ≡ 3 mod 4 is impossible. Therefore the
simultaneous solutions to x2 ≡ 1 mod 8 and 5x ≡ 15mod 20 are given by x ≡
3 mod 4. The congruence x ≡ 5 mod 6 is equivalent to x ≡ 1 mod 2 and
x ≡ 2 mod3; the former is always satisfied if x ≡ to3 mod 4, so the original
system of three congruences is equivalent to x ≡ 3 mod 4, x ≡ 2 mod3, which has
unique solution (by the CRT) x ≡ 11 mod 12.

Exercise 4: (??) 4 points
Let f(x) be a polynomial with integer coefficients. Consider the equation f(x) ≡
0 mod n. If f(x) is a linear polynomial (i.e. f(x) = ax+ b where a and b are integers),
is it possible for x ≡ 1, 4, 7, 11 mod 12 to be the solution set of the linear congruence
f(x) ≡ 0 mod n (Give a complete justification to your answer)?
Solution:
The answer is no. Recall that the solutions to any linear congruence ax+ b ≡ 0 mod n
have the form x = x0 + nt/d mod n, where d = gcd(a, n), x0 is any particular solution,
and t is an integer. Then x0, x1 = x0 + n/d, x2 = x0 + 2n/d, ...., xd−1 = x0 + n(d− 1)/d
are the only solutions. We have xi − xi−1 = n/d constant for any i ∈ {1, ...., d− 1} but
11− 7 6= 7− 4. Therefore, x ≡ 1, 4, 7, 11 mod 12 cannot possibly be the solution set of
a linear congruence.
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Exercise 5: (??) 4 points
Prove that if f(x) ∈ Z[x], then f(x) ≡ 0 mod p is solvable for infinitely many primes
p. (Hint: Use proof by contradiction.)
Solution:
Let f(x) =

∑m
i=0 aix

i ∈ Z[x] be a non-constant polynomial. If a0 = 0, then f(0) =
0. Thus, our assertion is trivial. Suppose that a0 6= 0, and assume that there are
only finitely many primes p such that f(x) ≡ 0 mod p is solvable. Denote them
by p1, · · · , pk. Let N = p1 · · · pk. Since f is non-constant, for sufficiently large l,
|f(a0N

l)| > |a0|. Note that

f(a0N
l) ≡ a0 ≡ 0 mod a0

so we can conclude that α = f(a0N
l)/a0 is an integer. Also, note that

α ≡ 1 mod pi

for any 1 ≤ i ≤ k. However, |α| = |f(a0N
l)/a0| > 1, so there exists a prime q

dividing α which cannot be any of pi’s. Obviously, f(a0N
l) = a0α ≡ 0 mod q, thus

contradiction! 1

1(?) = easy , (??)= medium, (???)= challenge
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